1 



September 2, 1992 



Deformation of the Wakimoto construction 

A. Abada*, A.H. Bougourzit and M.A. El Gradechit* 

* Institute for Theoretical Physics 
■p^', State University of New York 

■ Stony Brook, NY, 11794 USA 

ON ' + , , 

^ CRM, Universite de Montreal 

P^, CP. 6 128- A 

(D ■ Montreal, P.Q., Canada, H3C 3J7 

m 

(N 



^Department of Mathematics 
Concordia University 



Montreal, P.Q., Canada, H^B 1R6 

> 

' Abstract 

I We present the extension of the Wakimoto construction to the su{2)k quantum current 

' algebra and its associated Zk quantum parafermion algebra. This construction is achieved 

Cs| I in terms of various deformations of three classical free boson fields. We also give the vertex 

On ' operators corresponding to the quantum spin-j representation. 



1 Introduction 



It is well established now that quantum groups and algebras play an important role in both two- 
dimensional integrable models of quantum field theory and statistical mechanics, and conformal 
^ , field theory [Q, ^, ^, ^ |5|, ^, ^, ^ . In particular, many authors have realized the importance of the 

^ I infinite dimensional symmetries associated to quantum affine algebras (QAA) in constraining the 

integrable models. In fact, one hopes to carry over the success of the classical affine symmetries 
in chiral conformal field theory to the quantum case. In the classical case, it has been realized 
through many contributions that the Feigin-Fuchs construction (FFC) Q is convenient for the 
technical resolution of conformal field theory, that is, it facilitates the study and the computation 
of several relevant physical quantities such as the correlation functions, the BRST-like cohomology 
structure, the irreducible characters and the fusion rules. This is because the FFC consists in 
representing the integrable models in terms of free fields whose properties are well known and 
simple. Therefore, the extension of the FFC to the quantum case and in particular to the QAA is 
highly desirable g, 0, |lO|. 

QAA were first introduced in Refs. |11, 12]. After that, the first FFC of the level one simply 



laced QAA was achieved by Frenkel and Jing [^]. Then the FFC of the spin- 1/2 representation 
of the sl{2)i QAA followed in Ref. |14|. The FFC of the classical su{2)k affine algebra was first 



obtained by Wakimoto |15] in terms of a pair of ghost fields and a free boson field. After that, other 
equivalent Wakimoto constructions in terms of three free boson fields were considered 17, 
This then led to the FFC of the parafermion theory |l|, ||, |2|]. 
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The purpose of this paper is to extend the Wakimoto construction to the QAA su{2)j.. This 
paper is organized as follows. In section 2, we review the su{2)k QAA in the context of conformal 
field theory. More specifically, we define the operator product expansions satisfied by the currents 
generating the su{2)k QAA, which is henceforth referred to as the su{2)k quantum current algebra 
(QCA). In section 3, we first review the Frenkel-Jing construction of the sn(2)i QCA, which requires 
different g-deformations of a single free boson field. Then we use it a la Zamolodchikov and Fateev 



[23| to obtain the Wakimoto construction of the su{2)k QCA. In this case, various q-deformations 
of the three classical free boson fields are necessary. As a by-product, the currents generating the 
Zk quantum parafermion algebra are defined and their FFC is given. In section 4, we derive the 
vertex (intertwining) operators corresponding to the spin-j representations of the su{2)k QCA and 
its associated quantum parafermion algebra. 

2 The su{2)k quantum current algebra 

The sn(2)fc QAA is generated by the operators {E^ , Hn, 7^, n G Z} as follows: 

7^ G the center of the algebra, (I) 
[2n] 7^^" - 7~^" 

[Hn, Hfn] = Sn+mfl-^ ] ) ^ 0, (2) 

2n q — 

[Ho,Hm] = 0, (3) 

[Hn, E^] = ±V2 ^ ^ ^ Et+,^, n ^ 0, (4) 
In 

[H^,Et] = ±V2Et, (5) 

fc(n-m)/2^ _^k{m-n)/2^ 

[Et, e;^] = 1 -""^T—k (6) 

where n,m £ Z, [n] = (g" — q^^)/q — q~^), q is the deformation parameter, and and are 
respectively the modes of the fields ^{z) and ^{z) (z is a complex variable). These fields are defined 
by 



*(z) = ^nz-^ = q^^° exp[V2iq - q-') ^ /f^z""], (8) 

n>0 n>0 

^z) = ^ c^„z-- = q-^^" eM-V2{q - q'^) ^ H^z-^]. (9) 



n<0 n<0 



Note that the algebra (l)-(7) coincides with the usual su{2)k affine algebra |24] in the limit q ^ 1. 

In order to derive the extension of the Wakimoto construction to the above algebra it is con- 
venient to express the relations (2)-(7) as a QCA. This is a standard procedure in the context of 
conformal field theory. This QCA is generated by the currents E^[z) and H{z) (with 7 being 
replaced by its eigenvalue q [l^, 14|), which are defined as the generating functions of E'^ and H^ 
respectively, i.e., 

+00 

E^{Z) = ^n^"""'> (10) 

n=—oo 
+00 

Hiz) = J2 Hnz-""-'. (11) 
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The relations (2)-(7) are then equivalent to the following QCA, which reads as operator product 
expansions (OPE) among E^{z) and H{z): 



H{z)H{w) = J2 + regular, 



n>0 



2n 



H{z)E^{w) = ±— 



1 + ^ I^J^^-n^n 



n>0 
=Fnfc/2 r 



2n 



E^iw) + regular, 



E^{w)H{z) = TV2y^ ^^-i^-"s±(y;) + 



E-{w)E+{z) 



n>0 
1 



w{q-q 1) 
1 



z — wq^ z — wq~^ 



- wq^'^)E^{z)E^{w) = {zq^'' - w)E^{w)E^{z), 



z — wq"^ z — wq 

±2 „„Mr±/„„M7± 



-k 



regular, 
+ regular, 
+ regular, 



(12) 
(13) 
(14) 

l-u;] < {\zq^\,\zq-^\}, (15) 

\z\<{\wq%\wq-^\],{lQ) 
(17) 



where "regular" refers to terms that are non-singular in the limit z, w ^ in (12)-(14) and z 
yjq±k -j^ g^j^^ ^-|^g-j respectively. Note that in (15) and (16) we have used the identification 
J2n>o^"' = (1 ~ ^)~^ with \z\ < 1. This identification will also be understood in the subsequent 
treatment, especially when defining the contours of the Cauchy integrals. 



3 The Wakimoto construction of the su{2)k QCA 

As our construction relies on that of Frenkel-Jing in the case of su(2)i QCA [^], let us first review 
the latter in the language of conformal field theory. It is given by 



H{z) = idfiz), 
E^{z) = exp[±i\/2^^(z)]. 



(18) 
(19) 



Here, ^^{z) and ^^{z) are deformed free bosonic fields that are the generating functions of the basic 
oscillators Un, n ^ 0, and the operators momentum P and position Q, that is. 



Q-iPlnz + iJ2 — 



n 



±n/2 



Q - iPlnz + iV] -^-^anz " + i V 

\n\ „ 



■yTn/2 



n<0 



n>0 



n 



-OLnZ 



with 



[Q.P] 



mfl- 



[2n] [n] 
2n 



(20) 
(21) 



(22) 
(23) 



According to the usual definition of the normal ordering of P and Q as given in Ref. [g5[, the 
relations (20)-(23) lead to the following two-point correlation functions: 



1 



hi{z — wq){z — wq ^), 



(24) 
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1 



ln{z — w){z — wq^"^) 



1 + 



1 , /-z — wq 



-2T1/2 



(25) 
(26) 



It can readily be seen through (24)-(26) that the sn(2)i QCA (12)-(17) is indeed satisfied. 

Let us now make use d la Zamolodchikov and Fateev (2^] of the Frenkel-Jing construction 
of su(2)i QCA given in (18) and (19) to extend the Wakimoto construction to the su{2)k QCA 
(12)-(17). 

The generahzation of (18) so that H{z) satisfies (12) reads 



H{z) = iVkdfiz), 
where now the deformed bosonic field (,^{z) is defined by 

^O(z) =Q-iP\nz + iY^ 



n -n 



(27) 



(28) 



with 



\ln\{nk\ 
Ink ' 



Furthermore, the natural generalization of E^i^z^ so that (13) and (14) are satisfied reads 

E^{z) = exp ■ ■ 



(29) 
(30) 



(31) 



with the deformed free bosonic fields (z) being 

„±nk/2 „^^nk/2 

^^(z) = Q - iPlnz + ik V ^-——anZ~"' + ik\^ \ anZ~" 

^ [nk\ ^ 



n<0 



n>0 



[nk] 



(32) 



However, E^{z) as given in (31) do not satisfy the relations (15)-(17) of the su{2)k QCA. Instead, 
they have the OPE: 



where 



E^{z)E'^{w) = exp 
E^{z)E^{w) = exp 

{i^{z)i^{w)) = 



l{e{z)e{w)) 



: E^{z)E^{w) :, 
E'^{z)E'^{w) 



lr,z + -Y,^z-^w^ 



n>0 



n[nk] 



\nz + -2_^- — w"' 



n>0 



n[nk] 



(33) 
(34) 

(35) 
(36) 



In (33) and (34), the symbol :: denotes the normal ordering with respect to the bosonic operators 
a„, P and Q [p5|. Clearly, the currents E^{z) as given in (31) must be further corrected by 



5 



including additional deformed bosonic fields in order to satisfy (15)-(17). To this end, let ^i{z) 
and <f2{z) be two new deformed bosonic fields with the expansions 



Qi — iPi Inz + i ^ 



n 



An 



and 



[Qi,Pi] 

[Q2,P2] 



-n6n+mJ{n), 



where I{n) and J{n) are given by 

/(n) 

J(n) 



fc^[re][n(fc + 2)/2] 

{k + 2)[nk][nk/2y 

k [n{k + 2)] + [2n] - [nk] 

4 [nk] 



(37) 
(38) 



(39) 
(40) 
(41) 
(42) 



(43) 
(44) 



Note that all the remaining commutation relations are trivial, f2iz) has a "time- like" signature, 
and in the limit g — > 1, I{n),J{n) — > 1 as expected. The currents E^{z) that fully satisfy the 
su{2)k QCA (12) through (17) read then as follows: 



E^{z) 



exp[±zyfe^(z)] 
z{q - g-i) 



{exp[iX±(z,g)]-exp[iX±(z,(/-i)]}, 



where 



'k + 2 



'^lizq^) - ^i{z)]. 



(45) 



(46) 



It can easily be checked that in the limit q ^ 1 the correct classical expressions of the currents 
(z) are recovered, namely, |]18| 



E^{z) =iVk 



V2 



lk + 2 
2k 



dipiiz) 



exp \ ±i\l-[(p2{z) +^{z) 



(47) 



where ^{z) is the same classical limit of both C^{z). For illustration, let us show that E^{z) satisfy 
the relations (15) and (16). They have the OPE 

E^{z)E^{w) = 0(z,tt;,g) + regular, \w\ < {\zq''\,\zq~''\}, (48) 
E~{w)E^{z) = G(z, It;, g) + regular, \z\ < {\wq^\,\wq~^\}, (49) 

with "regular" referring again to non-singular terms in the limit z — > wq^^, and @{z,w,q) being 
defined by 



e{z,w,q) 



: exp{i^^[^+(z)-^ {w)]}^^q(^z - wq 



+ 



z — wq' 



zw{q — q ^)^ 

k+2 



z — wq 



:exp[iX+{z,q)-iX-{w,q~^)]: (50) 



q[z — wq'" 



:exp[iX+(z,g-i)-iX-(«;,g)] :}. 
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Here the normal ordering is with respect to all the bosonic oscillators. Using now standard rules 
of deriving the commutation relations from the OPE |2^] , one finds that 

[E:[,E-] = £^ dww^ £^ dzz^eiz, w, q). (51) 

Because of the relations (48) and (49), the contours Cq and Ci enclose respectively the origin point 
w = and the poles z = wq^^. The contribution of the fields ^i{z) and 922 (-2) cancel in a non-trivial 
way after performing the first integration in (51). In fact, only the contribution of the fields ^^{z) 
survives as expected, and because of the identities 

^{z) = :exp|iy|[e+(zg'=/2)-r(^'Z-'/')]| (52) 

m ^ :exp|^y|[e+(zr'/')-r(^g'/')]| (53) 

it leads to the correct relations (15) and (16) or equivalently to the relation (6). Finally, let us 
mention that the remaining relation (17) of the su{2)k QCA is also satisfied. 

Let us now introduce the "basic" quantum parafermion currents referred to as ipi{z) and 
il\{z). As in the classical case, these currents are defined by |23] 

E+{z) = ^/fcVi(^)exp[iy|e+(^)], (54) 

E-{z) = ^rk^|;{{z)eM-^\j\c{z)]■ (55) 

The FFC of il^i{z) and il\{z) follows from that of E^{z) as given in (45) and (46). It reads as 
follows: 

exp[iX+(z,g)] -exp[iX+(2;,g-i)] 

Wiy,z) = tf; -TT , (56) 

Vk[q-q ^)z 

^t^^^ ^ exp[iX~(z,g)] - exp[iX-(2:,g-^)] ^^^^ 
^ Vk{q — q~^)z 

The FFC of the remaining currents '^^(z) and il}\{z), t = 2, . . . generating the full quantum Zj. 
parafermion algebra can be derived from that of '4^i{z) and il>[{z) through their OPE. 

To recapitulate, the relations (27) and (45) describe the Wakimoto construction of the su{2)}^ 
QCA (12)-(17) in terms of the deformed free bosonic fields i^{z), i^{z), ^pi{z) and <f2{z), which are 
given in (28), (32), (37) and (38) respectively. The FFC of the basic currents of the quantum 
parafermion algebra, which are defined through (54) and (55), is given in (56) and (57). 

4 Vertex realization of the spin-j representation 

The spin-j representation of the su{2)k QCA (12)-(14) is described by the "g-primary" fields 
V^''^{z) = V"^{z) (m = —j, . . . and their "g-descendants." V^{z), which creates the high- 
est weight state from the bosonic vacuum, is such that 

[E+{z),V^{w)] = 0, (58) 

[H,,,V^{w)] = jV2|<5.,o + 5n>o7"'/'^«^" + 5n<o7-"'/'^^«"}^^("'). (59) 
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The FFC of V^{z) that is consistent with (58) and (59) is 



V^{z) = exp {ijy 



k 



k + 2 



(60) 



where 



nk/2 



Q _ iPin{-z) + 2iJ2 TTT""^"" + 2^ E 



-nk/2 



n>0 



[2n] 

I3n 



n<0 



[2n] 



+ l}_^^^Z 



(61) 
(62) 



„nfc/2 I „—nk/2 nk/2 , —nk/2 

Q2 - iP2 H-Z) + i J2 o ^ + ^ E . rJ . ^n^-". (63) 

2nJ[n) ^ " " 



n>0 



n<0 



2nJ{n) 



The FFC of the other fields y™(t(;) in the multiplet are obtained from that of V^{w) through the 
relation 

V^{w) = [E^,... [E^,V^{w)]^, . . (64) 
In (64) there are j — m deformed commutators, which are defined by 



[E^ , {w)U ^ q'^E, (w) - {w)E^ . 



(65) 



Finally, let us note that the primary field X'' i^) of the quantum parafermion algebra is again 
defined as in the classical case, that is, through the relation 



(z) = x' {z) exp 
This means that the FFC of X''{z) is given by 



(66) 



X^{z) = exp { - 



h[z) + 



~^i{z) 



(67) 



While typing this paper we received a preprint by A. Matsuo [^] discussing another deformation 
of the Wakimoto realization. However, he did not discuss the FFC of the spin-j representation and 
the Zfc quantum parafermion algebra introduced here. 
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